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Abstract 
 
The dependence of the dimensionless Brans-Dicke (BD) coupling parameter upon time and 
the scalar field has been determined, for an isotropic and homogeneous space of zero 
curvature, by solving BD field equations and the wave equation for the scalar field. For this 
purpose, very simple expressions of empirical scale factors, that generate constant 
deceleration parameters, have been used here in two theoretical models. The characteristics of 
time dependence of the BD parameter, obtained from these two models, are in qualitative 
agreement with each other. The mathematical expressions representing the rate of change of 
the BD parameter with time, based on these two models, are found to have identical forms. 
Combining the expressions of the BD parameter obtained from these two models, a method 
of determination of the present value of the equation-of-state (EoS) parameter of the cosmic 
fluid has been discussed. Its value is found to be consistent with the ranges of values obtained 
from other studies based on recent observations.    
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1. Introduction 
 
The information regarding several interesting phenomena in the field of cosmology, 
particularly the accelerating expansion of the universe, have emerged from astrophysical 
observations [1, 2]. The recent observations reveal that the accelerated expansion of the 
universe is caused by an exotic form of energy with negative pressure, referred to as dark 
energy (DE). This DE is one of the most important subjects of scientific investigation in 
physics and astronomy. To explain the late-time acceleration of the universe, lots of models 
have been proposed. The cosmological constant (Λ) is the simplest representative of DE [3]. 
But the models involving Λ are known to have cosmological constant (CC) problem (the fine-
tuning problem) and the problem of cosmic coincidence [4]. To explain the accelerated 
expansion by solving such problems, many alternative models have been proposed either by 
modifying the right hand side of the Einstein field equations by incorporating specific forms 
of energy-momentum tensor or changing the left hand side of Einstein field equations. The 
first category includes the DE models of quintessence [5], k-esssence [6], the family of 
chaplygin gas [7], holographic [8], new agegraphic [9] dark energy etc. The second category 
models are based on modified gravity, such as f(R) gravity, scalar-tensor theories [10] etc. 
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The Brans-Dicke (BD) theory of gravity is a path breaking study of scalar-tensor theory by 
Brans and Dicke, incorporating Mach’s principle into gravity [11]. In BD theory, the space-
time dynamics is represented by the metric tensor and the dynamics of gravity is represented 
by a scalar field. The gravitational constant in BD theory is replaced by the reciprocal of a 
time dependent scalar field (𝜑). There is a dimensionless parameter (߱) that couples this 
scalar field (𝜑) with gravity. BD theory has successfully explained the experimental findings 
from the solar system [12]. Brans-Dicke theory has been found to be very effective regarding 
the recent study of cosmic acceleration [13]. From general theory of relativity (GR), this can 
be obtained by letting ߱ → ∞ and 𝜑 = constant [14]. The early and the late time behaviour 
of the universe have been very effectively solved by this theory. According to a study by 
Banerjee and Pavon, BD theory can potentially solve the quintessence problem [13]. The 
generalized BD theory is an extension of the original BD theory where the BD parameter ߱ is 
regarded as a function of the scalar field 𝜑 [15]. The generalized BD theory gives rise to a 
decelerating radiation model where the big-bang nucleosynthesis scenario is not adversely 
affected [13]. A self-interacting potential have also been introduced in its modified form. 
Bertolami and Martins have used this theory to explain accelerated cosmic expansion for a 
spatially flat model [16]. According to these theories ߱ should have a low negative value, of 
the order of unity, to account for the accelerated expansion. This is in contradiction with the 
solar system experimental bound of ߱ ൒ ͷͲͲ. Bertolami and Martins have successfully 
explained the accelerated expansion with a potential 𝜑ଶ and large |ω| [16].  
 
In the present study, the time dependence of the BD parameter (߱) has been determined from 
the field equations of the Brans-Dicke theory of gravity and the wave equation for the scalar 
field (𝜑). Here we have formulated two theoretical models of the BD parameter, based on 
two empirical expressions of the scale factor. One of them has a power-law type of 
dependence upon time and the other one has an exponential dependence upon time. Each of 
these very simple scale factors produces a time independent deceleration parameter. Although 
the deceleration parameter is known to be a function of time, these scale factors have been 
chosen for the simplicity of mathematical calculations, without much loss of generality. The 
scalar field, in each model, has been assumed to have a power law type of dependence upon 
the corresponding scale factor. The values of the constants involved in all these empirical 
relations have been evaluated from the field equations. The properties of time variation of the 
BD parameter, obtained from these two models, are found to be in qualitative agreement with 
each other. They are consistent with the findings of other resent studies in this regard [17, 
18]. Apart from time dependence, the dependence of the BD parameter upon the scale factor 
and the scalar field has also been determined in the present study. Although the entire 
formulation is based upon a time independent equation-of-state parameter, an attempt has 
been made, at the end of this analysis, to determine the present value of the EoS parameter. 
Combining the results obtained from the two models, a mathematical exercise has been 
carried out for an approximate estimation of its present value. The findings of this theoretical 
method are in agreement with the range of possible values of this parameter, obtained from 
recent astrophysical observations [19, 20]. This result seems to provide justification for the 
choice of scale factors that generate time independent deceleration parameters. 
 
2. Solution of Field Equations 
 
In the generalized Brans-Dicke theory, the action is expressed as [11], 
 ܵ = ∫ ݀ସ𝑥√−𝑔 ቀ 𝜑𝑅ଵ଺గ𝐺 + 𝜔ሺ𝜑ሻ𝜑 𝑔ఓఔ ఓ߲𝜑 ߲ఔ𝜑 + ܮ௠ቁ                                                              (01) 
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Here, 𝑔 is the determinant of the tensor metric 𝑔ఓఔ, ܴ is the Ricci scalar, Lm is the Lagrangian 
of matter, 𝜑 is the Brans-Dicke scalar field and ߱ is a dimensionless Brans-Dicke parameter. 
In generalized BD theory, this coupling parameter ߱ is considered to be a function of 𝜑.  
The line element for a non-flat universe, in the framework of the Friedmann-Robertson-
Walker (FRW) cosmology, can be expressed in polar coordinates as, 
 ݀ݏଶ = −݀ݐଶ +  𝑎ଶሺݐሻ [ ௗ௥మଵ−𝑘௥మ + ݎଶ ݀𝜃ଶ + ݎଶݏ𝑖݊ଶ𝜃 ݀𝜉ଶ]                                                       (02) 
 
Here 𝑎ሺݐሻ is the scale factor of the universe, ݐ represents the cosmic time, ݎ is the radial 
component, 𝑘 is the curvature parameter and 𝜃 and 𝜉 are the two polar coordinates.  
The gravitational field equations of Brans-Dicke theory, for a universe filled with a perfect 
fluid and described by FRW space-time with scale factor 𝑎ሺݐሻ and spatial curvature 𝑘, are 
given by, 
 ͵ 𝑎ሶ మ+𝑘𝑎మ + ͵ 𝑎ሶ𝑎 𝜑ሶ𝜑 − 𝜔ሺ𝜑ሻଶ 𝜑ሶ మ𝜑మ = ఘ𝜑                                                                                                 (03) 
 ʹ 𝑎ሷ𝑎 + 𝑎ሶ మ+𝑘𝑎మ + 𝜔ሺ𝜑ሻଶ 𝜑ሶ మ𝜑మ + ʹ 𝑎ሶ𝑎 𝜑ሶ𝜑 + 𝜑ሷ𝜑 = − ఊఘ𝜑                                                                                (04) 
 
The wave equation for the scalar field (𝜑), in generalized Brans-Dicke theory of gravity, 
where ߱ is a time dependent parameter, is expressed as, 
 𝜑ሷ𝜑 + ͵ 𝑎ሶ 𝜑ሶ𝑎𝜑 = ఘ𝜑 ሺଵ−ଷఊሻଶ𝜔+ଷ − 𝜑ሶ𝜑 𝜔ሶଶ𝜔+ଷ                                                                                                 (05) 
 
Combining equations (3) and (4), and taking 𝑘 = Ͳ (for flat space), one obtains, 
 ʹ 𝑎ሷ𝑎 + Ͷ 𝑎ሶ మ𝑎మ + ͷ 𝑎ሶ𝑎 𝜑ሶ𝜑 + 𝜑ሷ𝜑 = ఘሺଵ−ఊሻ𝜑                                                                                              (06) 
 
The energy conservation equation for the cosmic fluid is written as, 
 𝜌ሶ + ͵ 𝑎ሶ𝑎 ሺͳ + ߛሻ𝜌 = Ͳ                                                                                                             (07) 
 
In the above expressions, ߛ ሺ≡ 𝑃/𝜌ሻ is the equation of state (EoS) parameter for the cosmic 
fluid, with specific values for different cosmological periods. The values of ߛ are, ͳ (massless 
scalar field dominated era), ͳ ͵⁄  (radiation dominated era), Ͳ (matter dominated era),  −ͳ 
(vacuum energy dominated era). 
Considering this EoS parameter ߛ to be time independent, the solution of equation (7) is 
obtained as, 
 𝜌 = 𝜌଴𝑎−ଷሺଵ+ఊሻ                                                                                                                      (08) 
 
Combining equation (3) with (8) one gets, 
 ߱ = ଷ𝑎ሶ మ𝑎మ+ଷ𝑎ሶ𝑎𝜑ሶ𝜑−𝜌బ𝑎−యሺభ+ംሻ𝜑భమ𝜑ሶ మ𝜑మ                                                                                                            (09) 
Combining equations (5) and (8) one gets, 
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߱ = ଵଶ [ఘబ𝑎−యሺభ+ംሻሺଵ−ଷఊሻ−𝜔ሶ 𝜑ሶ𝜑ሷ +ଷ𝑎ሶ 𝜑ሶ /𝑎 − ͵]                                                                                                      (10) 
 
To determine the time dependence of ߱ from the above equations we have used two sets of 
empirical expressions for the scale factor (𝑎) and the scalar field (𝜑) in the following two 
models. In these two models, the scale factors are such that one obtains constant deceleration 
parameters from them. The scalar field in each model has been chosen to have a power-law 
dependence on the corresponding scale factor.   
The values of different cosmological parameters used in this article are: 
 
 ܪ଴ = ଻ଶ𝐾೘ೞ𝑀௣௖ = ʹ.͵͵ × ͳͲ−ଵ଼ ݏ݁ܿ−ଵ, ݍ଴ = −Ͳ.ͷͷ,  𝜌଴ = ʹ.ͺ͵ × ͳͲ−ଶ଻ܭ𝑔 ݉−ଷ 𝜑଴ = ଵ𝐺బ = ͳ.Ͷͻͺ × ͳͲଵ଴ܭ𝑔 ݏଶ݉−ଷ , ݐ଴ =  ͳ.Ͷ × ͳͲଵ଴ 𝑌݁𝑎ݎݏ = Ͷ.Ͷʹ × ͳͲଵ଻ ݏ 
 
MODEL – 1 
 
The empirical expressions for the scale factor and the scalar field chosen for model-1 are 
given by, 
 𝑎 = 𝑎଴ ቀ 𝑡𝑡బቁఈ                                                                                                                                       (11) 
 𝜑 = 𝜑଴ ቀ 𝑎𝑎బቁ௡ = 𝜑଴ ቀ 𝑡𝑡బቁ௡ఈ                                                                                                    (12) 
 
The scale factor (in eqn. 11) produces a constant deceleration parameter, which is given by, ݍ଴ = − 𝑎ሷ 𝑎𝑎ሶ మ = ଵఈ − ͳ. Thus ߙ is given by, 
 ߙ = ଵଵ+௤బ                                                                                                                                 (13) 
 
Using equation (11) in (8) we get, 
 𝜌 = 𝜌଴𝑎଴−ଷሺଵ+ఊሻሺݐ/ݐ଴ሻ−ଷఈሺଵ+ఊሻ                                                                                            (14) 
 
Using equations (11), (12) and (14) in equation (6) and writing all parameter values for the 
present epoch (ݐ = ݐ଴), one obtains, 
 ቀ ఈమ𝑡బమቁ ݊ଶ + ቀହఈమ𝑡బమ − ఈ𝑡బమቁ ݊ + {଺ఈమ𝑡బమ − ଶఈ𝑡బమ − ఘబ𝜑బ ሺͳ − ߛ଴ሻ} = Ͳ                                                    (15) 
 
Equation (15) is quadratic in ݊. Two solutions for ݊ are given by, 
 ݊± = − ହଶ + ଵଶఈ ± ଵଶ √ቀͳ − ଵఈቁଶ + ସఘబ𝑡బమఈమ𝜑బ ሺͳ − ߛ଴ሻ                                                                  (16) 
 
For the present matter dominated era one may take ߛ଴ = Ͳ.  
One thereby obtains its two values as  ݊± = −ͳ.ͻͺ͹, −ʹ.ͷ͸͵. 
 
Using equations (11) and (12) in equation (9), one gets, 
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߱ = ଶ௡మఈమ [͵ߙଶሺͳ + ݊ሻ − ఘబ𝑡బమ𝑎బ−యሺభ+ംሻ𝜑బ ቀ 𝑡𝑡బቁଶ−ଷఈሺଵ+ఊሻ−௡ఈ]                                                   (17) 
 
The time derivative of the BD parameter from equation (17) is given by, 
 ሶ߱ = ఘబ𝑡బ𝑎బ−యሺభ+ംሻ{ଶఈሺଷ+ଷఊ+௡ሻ−ସ}𝜑బ௡మఈమ ቀ 𝑡𝑡బቁଵ−ଷఈሺଵ+ఊሻ−௡ఈ                                                                 (18) 
 
Using equations (11) and (12) in equation (10), one gets, 
 ω = − ଷଶ + ሺ଴.ହ −ଵ.ହఊሻఘబ𝑡బమ𝑎బ−యሺభ+ംሻ𝜑బ௡ఈሺଷఈ+௡ఈ−ଵሻ ቀ 𝑡𝑡బቁଶ−ଷఈሺଵ+ఊሻ−௡ఈ − ଴.ହଷఈ+௡ఈ−ଵ ሶ߱ ݐ                                       (19) 
 
Substituting for ሶ߱  in equation (19) from equation (18) one obtains, 
 ߱ = − ଷଶ + ଵଶ ఘబ𝑡బమ𝑎బ−యሺభ+ംሻሺସ−଺ఈ−଺ఈఊ−ଷ௡ఈఊ−௡ఈሻ𝜑బ௡మఈమሺଷఈ+௡ఈ−ଵሻ ቀ 𝑡𝑡బቁଶ−ଷఈሺଵ+ఊሻ−௡ఈ                                          (20) 
 
Combining equation (11) with (20), one gets the following expression (eqn. 21) for ߱ as a 
function of the scale factor (𝑎). 
 ߱ = − ଷଶ + ଵଶ ఘబ𝑡బమ𝑎బ−యሺభ+ംሻሺସ−଺ఈ−଺ఈఊ−ଷ௡ఈఊ−௡ఈሻ𝜑బ௡మఈమሺଷఈ+௡ఈ−ଵሻ ቀ 𝑎𝑎బቁమ−యഀሺభ+ംሻ−೙ഀഀ                                             (21) 
 
Combining equation (12) with (20), one gets the following expression (eqn. 22) for ߱ as a 
function of the scalar field (𝜑). 
 ߱ = − ଷଶ + ଵଶ ఘబ𝑡బమ𝑎బ−యሺభ+ംሻሺସ−଺ఈ−଺ఈఊ−ଷ௡ఈఊ−௡ఈሻ𝜑బ௡మఈమሺଷఈ+௡ఈ−ଵሻ ቀ 𝜑𝜑బቁమ−యഀሺభ+ംሻ−೙ഀ೙ഀ                                             (22) 
 
 
MODEL – 2 
 
The empirical expressions for the scale factor and the scalar field chosen for model-2 are 
given by, 
 𝑎 = 𝑎଴𝐸𝑥݌ [ߚ ቀ 𝑡𝑡బ − ͳቁ]                                                                                                                   (23) 
 𝜑 = 𝜑଴ ቀ 𝑎𝑎బቁ௠ = 𝜑଴𝐸𝑥݌ [݉ߚ ቀ 𝑡𝑡బ − ͳቁ]                                                                                (24) 
 
The scale factor (in eqn. 23) produces a constant deceleration parameter, which is given by, ݍ଴ = − 𝑎ሷ 𝑎𝑎ሶ మ = −ͳ. Here, the Hubble parameter is ܪ = 𝑎ሶ𝑎 = ఉ𝑡బ. Since it is independent of time, 
it must be equal to the present value of Hubble parameter (ܪ଴). Thus we have, 
 ߚ = ܪ଴ݐ଴                                                                                                                               (25) 
 
Using equation (23) in (8) we get, 
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𝜌 = 𝜌଴𝑎଴−ଷሺଵ+ఊሻ𝐸𝑥݌ [−͵ߚሺͳ + ߛሻ ቀ 𝑡𝑡బ − ͳቁ]                                                                       (26) 
 
Using equations (23), (24) and (26) in equation (6) and writing all parameter values for the 
present epoch (ݐ = ݐ଴), one obtains, 
 ቀఉమ𝑡బమቁ ݉ଶ + ቀହఉమ𝑡బమ ቁ ݉ + {଺ఉమ𝑡బమ − ఘబ𝜑బ ሺͳ − ߛ଴ሻ} = Ͳ                                                                   (27) 
 
Equation (27) is quadratic in ݉. Its two solutions are given by, 
 ݉± = − ହଶ ± ଵଶ √ͳ + ସఘబ𝑡బమఉమ𝜑బ ሺͳ − ߛ଴ሻ                                                                                      (28) 
 
For the present matter dominated era one may take ߛ଴ = Ͳ.  
One thereby obtains its two values as ݉± = −ͳ.ͻ͸͸, −͵.Ͳ͵Ͷ. 
 
Using equations (23) and (24) in equation (9), one gets, 
 ߱ = ଶ௠మఉమ [͵ߚଶሺͳ + ݉ሻ − ఘబ𝑡బమ𝑎బ−యሺభ+ംሻ𝜑బ 𝐸𝑥݌ {ሺ−͵ߚ − ͵ߚߛ − ݉ߚሻ ቀ 𝑡𝑡బ − ͳቁ}]                  (29) 
 
The time derivative of the BD parameter from equation (29) is given by, 
 ሶ߱ = ଶఘబ𝑡బ𝑎బ−యሺభ+ംሻሺଷ+ଷఊ+௠ሻఉ𝜑బ௠మ 𝐸𝑥݌ {ሺ−͵ߚ − ͵ߚߛ − ݉ߚሻ ቀ 𝑡𝑡బ − ͳቁ}                                        (30) 
 
Using equations (23) and (24) in equation (10), one gets, 
 ߱ = − ଷଶ + ሺଵ−ଷఊሻρబ tబమ𝑎బ−యሺభ+ംሻExp {ሺ−ଷఉ−ଷఉఊ−௠ఉሻቀ ೟೟బ−ଵቁ}ଶఉమφబ௠ሺଷ+௠ሻ − 𝑡బఉ௠ଶఉమ௠ሺଷ+௠ሻ ሶ߱                               (31) 
 
Substituting for ሶ߱  in equation (31), from equation (30), one obtains, 
 ߱ = − ଷଶ + ଵଶ ሺ−଺−଺ఊ−ଷ௠ఊ−௠ሻఘబ𝑡బమ𝑎బ−యሺభ+ംሻ𝜑బ௠మఉమሺଷ+௠ሻ 𝐸𝑥݌ {ሺ−͵ − ͵ߛ − ݉ሻβ ቀ 𝑡𝑡బ − ͳቁ}                       (32) 
 
Combining equation (23) with (32), one gets the following expression (eqn. 33) for ߱ as a 
function of the scale factor (𝑎). 
 ߱ = − ଷଶ + ଵଶ ሺ−଺−଺ఊ−ଷ௠ఊ−௠ሻఘబ𝑡బమ𝑎బ−యሺభ+ംሻ𝜑బ௠మఉమሺଷ+௠ሻ ቀ 𝑎𝑎బቁ−ଷ−ଷఊ−௠                                                        (33) 
 
Combining equation (24) with (32), one gets the following expression (eqn. 34) for ߱ as a 
function of the scalar field (𝜑). 
 ߱ = − ଷଶ + ଵଶ ሺ−଺−଺ఊ−ଷ௠ఊ−௠ሻఘబ𝑡బమ𝑎బ−యሺభ+ംሻ𝜑బ௠మఉమሺଷ+௠ሻ ቀ 𝜑𝜑బቁ−యഁ−యഁം−೘ഁ೘                                                     (34) 
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3. Results and Discussions 
 
The values of the BD parameter at the present epoch (ݐ = ݐ଴), from model-1, for two values 
of ݊ (i.e. ݊±, as in eqn. 16) are given by, 
 ߱଴± = − ଷଶ + ଵଶ ఘబ𝑡బమ𝑎బ−యሺభ+ംబሻ(ସ−଺ఈ−଺ఈఊబ−ଷ௡±ఈఊబ−௡±ఈ)𝜑బ௡±మఈమ(ଷఈ+௡±ఈ−ଵ)                                                           (35) 
 
For the present matter dominated era we have taken ߛ଴ = Ͳ.  
Using the values of the parameter ݊, i.e., ݊+ = −ͳ.ͻͺ͹ and ݊− = −ʹ.ͷ͸͵, 
one gets ߱଴± = −ͳ.ͷͲ͵, −ͳ.Ͷ͵Ͳ. 
 
The values of the BD parameter at the present epoch (ݐ = ݐ଴), from model-2, for two values 
of ݉ (i.e. ݉±, as in equation 28) are given by, 
 ߱଴± = − ଷଶ + ଵଶ (−଺−଺ఊ−ଷ௠±ఊబ−௠±)ఘబ𝑡బమ𝑎బ−యሺభ+ംబሻ𝜑బ௠±మఉమ(ଷ+௠±)                                                                    (36) 
 
For the present matter dominated era we have taken ߛ଴ = Ͳ.  
Using the values of the parameter  ݉, i.e., ݉+ = −ͳ.ͻ͸͸ and  ݉− = −͵.Ͳ͵Ͷ, 
one gets ߱଴± = −ͳ.ͷͳͺ, −ͳ.͵͵͵. 
 
According to a study by Banerjee and Pavon, the value of ߱ must be greater than −͵/ʹ [13]. 
This requirement is satisfied if we take ݊ = ݊− in model-1 and ݉ = ݉− in model-2. 
Therefore, to determine the time dependence of ߱, one should use these values of ݊ and ݉ in 
the equations (20) and (32), for model-1 and model-2 respectively. 
Using all parameters values and taking ݊ = ݊−, the expression of the BD parameter ߱ (eqn. 
20), based on model-1, takes the following form. 
 ω = −ͳ.ͷ + ሺͲ.Ͳ͹ͳ  − Ͳ.Ͳ͹͵ߛሻ ቀ 𝑡𝑡బቁଵ.଴ଶଽ −଺.଺଺଻ఊ                                                                   (37) 
 
From equation (37), the time derivative of ߱ is given by, 
 ௗ𝜔ௗ𝑡 = ሺ଴.଴଻ଷ −଴.ହସ଼γ+଴.ସ଼଻ఊమሻቀ ೟೟బቁభ.బమ9 −ల.లలళ𝑔𝑡                                                                                 (38) 
 
From equation (38), the value of ௗ𝜔ௗ𝑡  at the present epoch (ݐ = ݐ଴) is obtained as, 
 ቀௗ𝜔ௗ𝑡 ቁ𝑡=𝑡బ = ଴.଴଻ଷ −଴.ହସ଼ఊబ+଴.ସ଼଻ఊబమ𝑡బ                                                                                            (39) 
 
Using all parameters values and taking ݉ = ݉−, the expression for the BD parameter ߱ 
(eqn. 32), based on model-2, takes the following form. 
 ω = −ͳ.ͷ + ሺͲ.ͳ͸ͺ  − Ͳ.ͳ͹ͷߛሻ𝐸𝑥݌ [ሺͲ.Ͳ͵ͷ  − ͵.ͲͶͷߛሻ ቀ 𝑡𝑡బ − ͳቁ]                                     (40) 
 
From equation (40), the time derivative of ߱ is given by, 
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ௗ𝜔ௗ𝑡 = (଴.଴଴଺ −଴.ହଵ଼γ+଴.ହଷଷఊమ) 𝐸𝑥௣[ሺ଴.଴ଷହ −ଷ.଴ସହఊሻቀ ೟೟బ−ଵቁ]𝑡బ                                                                (41) 
 
From equation (41), the value of ௗ𝜔ௗ𝑡  at the present epoch (ݐ = ݐ଴) is obtained as, 
 ቀௗ𝜔ௗ𝑡 ቁ𝑡=𝑡బ = ଴.଴଴଺ −଴.ହଵ଼ఊబ+଴.ହଷଷఊబమ 𝑡బ                                                                                           (42) 
 
The expressions of (39) and (42), based on model-1 and model-2 respectively, are identical in 
form. Here, ݐ଴ denotes the age of the universe, with a very large value of  ͳ.Ͷ × ͳͲଵ଴ years or Ͷ.Ͷʹ × ͳͲଵ଻ seconds. Due to this extremely large value, |ቀௗ𝜔ௗ𝑡 ቁ𝑡=𝑡బ| would be very small. The 
sign of  ቀௗ𝜔ௗ𝑡 ቁ𝑡=𝑡బ is determined by the value of ߛ of the cosmic fluid at the present epoch. 
This value has been taken to be zero for the present era of matter dominated universe 
(pressureless dust) by Sahoo and many researchers [17]. Setting the right hand sides of 
equations (39) and (42) equal to each other, one gets, 
 Ͳ.ͲͶ͸ߛ଴ଶ + Ͳ.Ͳ͵Ͳߛ଴ − Ͳ.Ͳ͸͹ = Ͳ                                                                                        (43) 
 
Equation (43) is quadratic in ߛ଴, leading to the following solutions. 
 ሺߛ଴ሻ± = −଴.଴ଷ଴±√ሺ଴.଴ଷ଴ሻమ−ସ×଴.଴ସ଺×ሺ−଴.଴଺଻ሻଶ×଴.଴ସ଺ = Ͳ.ͻʹͶ, −ͳ.ͷ͹͸                                                 (44) 
 
The negative value of ߛ଴, in equation (44), is consistent with recent observations [19, 20].   
The results of equation (44) have their origins in equations (38) and (41). We took ߛ଴ = Ͳ to 
obtain the values of ݊ and ݉, used for evaluating the constants in the equations (38) and (41).  
We should therefore discuss a more generalized method to estimate the value of the EoS 
(equation of state) parameter ߛ଴.  
According to this new method, one may determine ቀௗ𝜔ௗ𝑡 ቁ𝑡=𝑡బfor model-1 and model-2, from 
equations (20) and (32) respectively. Since they represent the time dependence of the same 
entity (߱) at the present epoch, their values are likely to be equal to each other. Setting them 
equal to each other and taking ݉ = ݊, one gets, 
 ܣߛ଴ଶ + ܤߛ଴ + ܥ = Ͳ                                                                                                                         (45) 
where, ܣ = ͳͺߙଶߚ݊ଶ − ͷͶߙଷߚ݊ଶ + ͷͶߙଶߚଶ݊ଶ + ͻߙଶߚ݊ଷ − Ͷͷߙଷߚ݊ଷ + Ͷͷߙଶߚଶ݊ଷ − ͻߙଷߚ݊ସ+ ͻߙଶߚଶ݊ସ ܤ = ͵͸ߙଶߚ݊ଶ − ͳͲͺߙଷߚ݊ଶ − ͹ʹߙߚଶ݊ଶ + ͳͲͺߙଶߚଶ݊ଶ + ͳͺߙଶߚ݊ଷ − ͻͲߙଷߚ݊ଷ − Ͷʹߙߚଶ݊ଷ+ ͻͲߙଶߚଶ݊ଷ + ͵ߙଶߚ݊ସ − ʹ͹ߙଷߚ݊ସ − ͸ߙߚଶ݊ସ + ʹ͹ߙଶߚଶ݊ସ − ͵ߙଷߚ݊ହ+ ͵ߙଶߚଶ݊ହ ܥ = ͳͺߙଶߚ݊ଶ − ͷͶߙଷߚ݊ଶ + ʹͶߚଶ݊ଶ − ͹ʹߙߚଶ݊ଶ + ͷͶߙଶߚଶ݊ଶ + ͻߙଶߚ݊ଷ − Ͷͷߙଷߚ݊ଷ + ͺߚଶ݊ଷ− Ͷʹߙߚଶ݊ଷ + Ͷͷߙଶߚଶ݊ଷ + ߙଶߚ݊ସ − ͳʹߙଷߚ݊ସ − ͸ߙߚଶ݊ସ + ͳʹߙଶߚଶ݊ସ − ߙଷߚ݊ହ+ ߙଶߚଶ݊ହ 
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Equation (45) is quadratic in ߛ଴. 
Here, the values of ߙ and ߚ can be obtained from equations (13) and (25) respectively. 
The reason for taking ݊ = ݉ is due to the closeness of their values, obtained from equations 
(16) and (28). Since the expressions of 𝜑 in equations (12) and (24) are not the exact 
solutions of the field equations, the values of ݊ and ݉ can also be other than those given by 
equations (16) and (28) respectively. The only restriction imposed upon their choice of values 
is the requirement that −ͳ.ͷ < ߱଴ < Ͳ, as obtained by Banerjee and Pavon [13]. We have 
only negative values ݊ and ݉ in equations (16) and (28). Negative values of ݊ and ݉ indicate 
that the scalar field (𝜑) decreases with time, as evident from their defining equations (eqns. 
12, 24). Consequently, the gravitational constant ܩ ≡ ͳ/𝜑 increases with time. There are 
other recent studies showing a decrease of 𝜑 (or an increase of ܩ) with time [17, 18]. 
 
The values of ߛ଴ obtained from quation (45) are given by, 
 ߛ଴± = −஻±√஻మ−ସ஺஼ଶ஺                                                                                                             (46) 
 
For −ʹ < ݊ < Ͳ, one finds from equation (46) that ߛ଴− vary approximately in the range of −ͳ.ͻ ൑ ߛ଴− − Ͳ.͸, which is consistent with the recent experimental findings regarding the 
EoS parameter [19, 20]. The value of ߛ଴+ is positive for this range of ݊ values. These positive 
values are not at all consistent with the range of values for ߛ଴ obtained from scientific studies 
based on recent astrophysical observations [19, 20]  
 
 
4. Conclusions 
 
In the present study we have used scale factors that generate time independent deceleration 
parameters. As per scientific studies based on recent observations, the deceleration parameter 
has changed its sign with time, from positive to negative, indicating a change of phase of the 
cosmic acceleration from deceleration to acceleration [18]. Our scale factor for model-1 is 
identical in form to that used by Sahoo et al. [17], although our method of deriving the time 
dependent expression for ߱ is different. These scale factors can be used for the simplicity of 
mathematical analysis in a theoretical study. They are required to satisfy a condition that the 
constant deceleration parameter obtained from them is negative and ݍ଴ ൒ −ͳ. The time 
dependence of ߱, for different eras of the expanding universe (characterized by different 
values of the EoS parameter ߛ), is found to be qualitatively the same for these two models. 
The choice of the scalar field in both models is such that it has the same functional 
dependence on the corresponding scale factor. According to generalized Brans-Dicke theory, 
the BD parameter (߱) is a function of the scalar field (𝜑). In both models, the choices of 
empirical relations regarding the scale factors and the scalar fields have allowed us to 
formulate expressions of ߱ as functions of 𝜑. Using the results of these two models together, 
the range of values for ߛ଴ (EoS parameter at the present epoch) has been estimated. One 
could also have taken ݊ ≠ ݉ for a more generalized form, leading to a larger mathematical 
expression which might be untenable. An improvement over this method of determination of 
the EoS parameter can be made by using scale factors that are obtained as solutions of the 
field equations for different logical choices of the scalar field. 
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